
tion the fundamental mode m is not independent of X, and the 
relationship between Oi and X is not linear. The same applies 
to a simply supported rectangular plate under normal edge loads. 

I t can be shown tha t the Oi — X curve is not convex toward 
the origin. If equation (13) is once again differentiated with 
respect to X, then 

dQi 
L n ( w ? ; Pfi,) = 2p-En (Mil?) + 2 —- Wn(uiri) 

dX 

d*Q 
+ ^ Wntow) (16) 

has a solution provided, by equations (2), (5), and (14), 

d*Q, ,_ , 
— = -2p.Eu(wiMi). (17) 

The right side of equation (17) may be evaluated by substi
tuting i? = MI into equation (13) and by again considering equa
tion (14). This leads to 

— = -2L2(«iPfi1) g 0 (18) 
aX2 

in which the inequality is a consequence of the inequality in 
equation (4), (unless of course, v,\ = 0, which corresponds to the 
special case just discussed). 

The convexity of the fundamental characteristic surface can 
also be established by means of arguments which are analogous 
to the ones employed by the authors for their restricted case. 
Let PA and £lA represent a point in the fundamental region satis
fying the inequality equation (6), and let PB and QB lie on the 
fundamental characteristic surface, with equations (4) and (2) 
satisfied for u\ = uB. Then it follows, by subtracting equation 
(6) (with u = uB) from equation (4), tha t 

(PB - P J - E 2 ( M S ) + (QB - aA)>0 (19) 

This in turn implies that 

U{uB; Pcac) < 0 (20) 

for any point (Pcftc) identified by 

Pc = PA + /3(PB - PA) 

QC = UA + j8(fla - QA) (21) 

P > 1. 

In other words, if the ray AB is extended beyond B it lies totally 
outside of the fundamental region; by a related argument it 
cannot leave the fundamental region between A and B. The 
fundamental characteristic surface is therefore "star-shaped" 
relative to A or, in view of the arbitrariness of A, convex. More
over, by equation (19), the vector [Ez(uB), 1] is shown to point 
"outward." 

I t may be noted that surfaces associated with higher eigen
values may be defined in an appropriate manner. In general such 
surfaces are not convex, although it can be shown that, for ex
ample, the surface associated with the second eigenvalue is star-
shaped relative to all points lying in the fundamental region. 
Nor is it to be inferred from this discussion (or from the authors' 
paper) that these surfaces are necessarily smooth. Instead, 
smoothness depends on the uniqueness of the mode Mi, and a 
manifold of nonunique modes is associated with a corresponding 
singularity in the surface. Again, the analogy with the case of 
plastic yielding requires no elaboration. 
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Authors' Closure 

The authors wish to thank Professors Leipholz and Masur for 
their discussions and kind remarks on the paper. Leipholz's 
comment concerning the curvature of the fundamental char
acteristic surface is motivated by a desire to check the quality of 
the lower bound suggested in the paper. One can, however, 
more readily establish an upper bound to the surface by con
structing the tangent planes to the surface at its coordinate 
intercepts. I t can be proved that the equation of the tangent 
plane at an arbitrary regular point (ft, Pk) on the fundamental 
surface is given by 

(-m(jQ + Utj - P^E^a^ = 0 (22) 

where a,-, i — 1, 2, 3, . . . , N is the eigenvectors associated with 
the chosen point. A possible upper bound then consists of seg
ments of the tangent planes at the intercept of each coordinate 
axis. As to Leipholz's comment regarding polygenic loads, the 
authors are pleased to report that a parallel work involving a 
class of nonconservative systems with polygenic forces has now 
been completed.9 

Professor Masur has extended the concepts of the paper to 
continuous systems using a Koiter-type analysis. In addition 
he derives an associated normality condition which is analogous 
to the well-known normality property in plasticity. This 
normality condition is given with regard to the loading subspace 
for ft constant. There is, however, no need for this restriction 
since a more general normality condition can be obtained readily 
by treating 0 as a variable in parameter space as well as Pk. 
Thus the generalized normality condition on the basis of equation 
(22) takes the form 

(ms7ft + P^if^a; = 0 (23) 

where the dots denote differentiation along any smooth path on 
the characteristic surface. Professor Masur's normality condi
tion is obtained by setting ft = 0 in equation (23). Professor 
Masur proves the convexity of the characteristic surface in three 
ways, his last method being equivalent to the authors' approach 
for discrete systems. Although this method represents a global 
approach to the problem, it could lead to fundamental difficulties 
if the system were nonlinear. I t is therefore a welcome alterna
tive to examine the local curvature of the fundamental surface, 
which is essentially an asymptotic approach. In fact this 
method was used also, in the first reference of the paper, for the 
stability analysis of nonlinear multiple-parameter systems. 

9 Huseyin, K., and Leipholz, H., "Divergence Instability of Multi
ple-Parameter Circulatory Systems," Report No. 69, Solid Mechanics 
Division, University of Waterloo, 1971. 

A Generalized Formulation of the 
Vectorial Equations of Motion for 
Nonprismatic Thin Space Beams1 

1. U. OJALVO,2 The writer enjoyed reading Professor Mas-
soud's compact vector formulation of the equations governing ar
bitrarily curved and twisted thin beams. 

1 By M. F. Massoud, and published in the December, 1971, issue of 
the JOTJHNAL OF APPLIED MECHANICS, Vol. 38, TBANS. ASME, Vol. 
93, Series E, pp. 955-960. 

2 Structural Mechanics Staff Engineer, Grumman Aerospace Cor
poration, Bethpage, N. Y. Mem. ASME. 
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Those interested in this subject may also wish to know of a re
lated study which started with a nonlinear formulation and fo
cused upon developing and interpreting the linearized buckling 
equations for such beams.3 In that work, the eqvlilibrium equa
tions were linearized about a loaded reference state and a set of 
perturbed equations were derived. Because of possible de
stabilizing effects, a similar extension of the linear dynamical 
equations given in the subject paper could be important when 
studying certain problems (e.g., mechanical transmission by 
flexible shafts). 

This discusser would also like to point out that the author's 
equation (10) is not, as stated, based only upon neglecting the 
cross-sectional shear deformation, but also depends upon the as
sumption that the centroid is inextensibe as well.4 

Author's Closure 
The author would like to thank Dr. Ojalvo for his comments. 

Concerning the inextensibility of the centroid, the author would 
like to point out the following: 

Equation (6) is based upon the following relation: 

where e is the linear distorsion vector of the center point of the 
cross section. 

The components of vector e, along the local principal axes, 
are the distorsions in the direction of the shear forces and the 
distorsion along the longitudinal (tangential) direction. The 
differentiation with respect to s in the foregoing equation is 
taken in an Eulerian sense based upon the original configuration. 

In equation (10), the linear distorsion vector e is assumed 
zero and the distorsions along the shear directions and tangential 
direction are thus neglected. The latter express the fact that 
we neglect the extension of the center line. 

In conclusion, the longitudinal strains are included in the 
formulations (6) and (7) and neglected in the formulations (10) 
and (11). 

3 Ojalvo, I. U., and Newman, M., "Buckling of Naturally Curved 
and Twisted Beams," Journal of the Engineering Mechanics Division, 
Proceedings of the American Society of Civil Engineers, Vol. 94, No. 
EM5, Oct. 1968. 

4 Love, A. E. H., A Treatise on the Mathematical Theory of Elasticity 
4th ed., Dover Publications, New York, 1944, p. 446, equation (3). 

Buckling and Postbuckling Behavior of 
Clamped Shallow Spherical Shells Under 
Axisymmetric Ring Loads1 

J. R. Fitch.2 This discusser would like to compliment the au
thors on a revealing study of an interesting problem. This 
discussion is only concerned with one point, namely, the use of 
the expansion parameter £ in equations (36) and (37). I feel 
that it is quite important to address oneself to the question of 
the existence of such a parameter and the likelihood that the 
solution will admit an expansion of the type shown which is at 
least asymptotically valid for small £. I t is, as it turns out, 

1 By N. Akkas and N. R. Bauld, Jr., and published in the De
cember, 1971, issue of the JOURNAL OF APPLIED MECHANICS, Vol. 
38, TRANS. ASME, Vol. 93, Series E, pp. 996-1002. 

2 Bldg. E-6, Room 221, Knolls Atomic Power Laboratory, Sche
nectady, N. Y. 

possible to define £ precisely by the introduction of an appropriate 
orthogonality condition between the normalized buckling mode 
and the succeeding terms in the expansion. This definition leads, 
in turn, to the reasonable expectation that the solution will admit 
an expansion of the type shown. The point is that one should 
not lose sight of these details in applying the Koiter method to 
a postbuckling analysis. 

I would also like to point out an apparent misprint on page 
1001. The authors state that their result for the limiting case 
of a concentrated load at the apex differs by 3 percent from the 
previous result of this discusser. A quick check shows that 
the discrepancy is actually less than 0.3 percent. 

Authors' Closure 
The authors agree with the discusser that the fine points of the 

Koiter method should not be allowed to become obscured in its 
application to specific problems and would like to refer interested 
readers to reference [2] which provides a clear description of 
these points in Appendix A. 

Finally, the authors wish to thank the discusser for pointing 
out that the actual discrepancy between the buckling load 
parameter for the clamped cap under concentrated load obtained 
by the discusser and the value obtained as a limiting case for the 
ring load of the present study is less than 0.3 percent rather 
than the less than 3 percent as reported in the paper. 

Determination of the Unloading Boundary 
in Longitudinal Elastic-Plastic Wave 
Propagation1 

L. E. Malvern.2 The authors are to be congratulated for a 
valuable contribution to the technique of unloading analysis of 
elastic-plastic wave propagation. An explicit representation of 
the unloading boundary would be most helpful. If I under
stand correctly the procedure used, the higher-order coefficients 
are calculated numerically in a step-by-step procedure, but, once 
these coefficients have been found, an explicit representation is 
then available for the unloading boundary up to as great a time 
as the series representation (e.g., 20 terms) gives a good repre
sentation of the function f(t). This means tha t up to tha t time 
explicit formulas can be written for the stress, strain, and par
ticle velocities in both the loading and unloading parts of the 
x, i-plane. This is a real advantage. 

With only a slight complication the procedure can be ex
tended to cases of noncentered loading waves, where the initial 
loading is not instantaneous. I t seems that the most important 
applications would be for such noninstantaneous loading, since 
the one-dimensional bar wave analysis may not be valid near 
the impact end for instantaneous loading. V. L. Biderman 
in Ponomarev, et al. [I] ,3 in 1959, used a similar series pro
cedure for a noncentered simple wave, but only to get the 
initial slope of the unloading boundary. Biderman's method 
[1] is presented in Chapter 2 of the book Dynamic Plasticity, 
by Cristescu [2]. For the remainder of the unloading boun
dary, Biderman used a modification of the cited graphical 
method of Shapiro. This graphical method, using the hodograph 
plane as well as the x, £-plane, is very simple and should still 

1 By P. A. Tuschak and A. B. Schultz and published in the De
cember, 1971, issue of the JOURNAL or APPLIED MECHANICS, Vol. 
38, TRANS. ASME, Vol. 93, Series E, pp. 888-894. 

2 Professor, Department of Engineering Science and Mechanics, 
University of Florida, Gainesville, Fla. 

3 Numbers in brackets designate References at end of Discussion. 
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