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On the First Excursion Probability 
in Stationary Narrow-Band 
Random Vibration1 

Y. K. tin.2 The authors are to be congratulated for presenting 
a very comprehensive study of the difficult first excursion problem 
for structural response. From a practical standpoint the most 
valuable aspect of the paper is the comparison of various ap
proximate solutions. The writer wishes to add, however, tha t 
results obtained in the paper are not restricted to an ideally 
narrow-band process as it is so qualified at some places in the 
paper. The authors' concern might have been due to the use of 
equations (1) and (3). These equations were originally derived 
by Rice [ l ] 3 where the existence of a central frequency was 
assumed. However, these equations also have been derived by 
Cramer and Leadbetter [2] without the assumption of a narrow 
band or a central frequency. Indeed, it is shown by Crandall 
[3] that, although Cramer and Leadbetter used a different ap
proach, the envelope obtained is the same as that of Rice. 

On the other hand, the writer is slightly uneasy about the 
assumption that the n th peak ni(rc) and the n th trough 172(n) 
fall within the time interval [(n — l)T0, nT0] where T„ = 2TT/CO0. 
For example, the reciprocal of T0 is the average zero-level up-
crossing rate, say, E[AT], of the linear structural response con
sidered in the paper. Therefore, the average locations for rji(n) 
and n2(rc) do fall within [(n — l)To, nTo] but the actual locations 
in a sample function may be quite far from the average. A 
logical test would be to compute the variance of the zero-level 
up-crossing rate. This is, again, available in [2] where one finds 
the mean-square vakie E[AT2] is given in equation (10.7.5). i 

The authors' assumption would be a good one if E[N2] is nearly 
equal to-£2[iV"]. 
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3 Numbers in brackets designate References at end of Discussion. 
4 This equation is written for crossings within a time interval 

(0, T). For our purpose, we let T = 1. 

Authors' Closure 
The authors would like to thank Prof. Y. K. Lin for his valuable 

and important comments. Indeed, equations ( l)-(3) have been 
derived by Cramer and Leadbetter without the assumption of a 
narrow band and a central frequency, in which case w-wo appear
ing in equations (5a) and (56) should be replaced by co. I t is 
mentioned that such a change in equations (5a) and (56) does 
not alter the approximation given in equation (6) and hence the 
numerical results. 

Although numerical results of E[N2] are not available at this 
time, the numerical computation of E[N2] is now underway and 
the result will be discussed in the near future.6 

6 Yang, J.-N., and Shinozuka, M., "On the First-Excursion 
Probability in Stationary Narrow-Band Random Vibration—II," 
ASME Paper No. 72-APM-16. 

A Correlation Study of Formulations of 
Incremental Deformation and Stability 
of Continuous Bodies1 

E. F. MASUR.2 Faced with the need to sift through the over
whelming volume of prior work dealing with the problem of in
stability of continuous bodies, researchers will thank the author 
for the review and consolidation of the theories that have been 
proposed. The author's success in tying together different for
mulations in terms of various strain, stress, and rate definitions is 
particularly appreciated. 

The current discussion is intended to complement the author's 
work and, if possible, to shed further light on a problem whose 
past is marked by a great diversity of approaches. Instead of 
starting with the equations of equilibrium, however, as the 
author has done, the writer finds it simpler and more instructive 
to base his discussion on an energy-rate functional. This func
tional may be interpreted as the difference between the rate of in
ternal work and the power of the prescribed surface tractions and 
body forces, if, for the sake of simplicity and in conformity with 
the paper, only "gravity loads" are assumed to act. Equiva-
lently, the same functional may also be interpreted, in the sense 
of Drucker [ l ] , 3 as the power of the additional agency which is 
called upon to disturb an equilibrium position [2], and is referred 
to as the "stability discriminant" D by Brown [3]. 

In any event, the equilibrium configuration of a body is stable 
if D is positive-definite, where D, according to [2], is given by 

D / (fAB^AB" + fAB°VuAVi,B)dVa. (1) 

This is a "material" (as against a "spatial") formulation, which 
refers to a fixed state, possibly one in which the body is un
stressed. The notation which is employed here is the same as 

1 By Z. B. Bazant and published in the December, 1971, issue of the 
JOUBNAL OF APPLIED MECHANICS, Vol. 38, TBANS. ASME, Vol. 93, 
Series E, pp. 919-928. 

2 Head, Department of Materials Engineering, University of Il
linois at Chicago Circle, Chicago, III. 

3 Numbers in brackets designate References at end of Discussion. 
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tha t used by the author, except for the use of majuscule letters to 
denote reference to the material coordinates XA, In particular, 
again in the author's notation, 

<UB" = WiAFa ~ SAB) 

JoTi:j = FiAFjBfAB (2) 

dV = JodVo. 

Since 

FiA = «i,A = FjA»i,i (3) 

and with the definition of the spatial stress state T V and strain 
rate d,-,- by means of [2] 

JoTif = FiAFiBfAB 

(4) 
*AB° = FiAFjsdij 

the material formulation in equation (1) takes the spatial form 

D = f (Ti3-"dH + Ttfv^^W, (5) 
J v 

where, in view of equations (2)-(4), 

T V = f t.3. - Tyt-,-,, - T ^ y ^ + Ty»* lJ t 

T V is easily identified as Traesdell's stress rate [2]. 
Stability is associated with positive-definiteness of D, and the 

critical state is reached when D becomes semidefinite; this condi
tion is characterized by the variational equation (which also sig
nifies the existence of a neighboring equilibrium configuration) 

( T V + 2V»<.*).y = 0 (7) 

which, together with the boundary conditions, can be solved pro
vided a constitutive relationship is established between T V a n d 
dij. Such a relationship follows directly from equations (4) if 
j A B is expressed as function of eAB

a, and the condition of frame in
difference is then automatically observed. Thus equation (1), 
which (though not unique) is the simplest material form of D, 
leads directly to equations (5) and (7), which, in turn, represent 
the simplest acceptable spatial formulation of the problem. 

Of course the same condition of frame indifference is also 
satisfied for other rate definitions. For example, a stress rate de
fined by 

fif = T V + « ( 2 V d * + TJdjk) (8) 

is frame-indifferent for all values of a, as has been pointed out by 
Prager [4] and in [5]. I t is easily seen that a = l/z corresponds 
to T \ / (as in the author's equation (22b)). Similarly, a = 1 cor
responds to Tif (the author's equation (22c)) and may be identi
fied as a "relative Jaumann rate ," as discussed later on. Finally, 
a = 2 leads to T,-/ + Ti1

s'vkib which may be called a "relative 
Kotter-Rivlin rate. ' ' 

With equation (8) the functional D as given in equation (5) 
now becomes 

D = J [ftrfu + T,/>(vt,fiM - 2adkidllj)]dV. (9) 

Any formulation of this type is equally acceptable, regardless of 
the value of a, since by equation (8), the constitutive dependence 
of T V o n d*i implies a constitutive dependence of all T1,,- on d{j. 
In particular, for example, for a = l/i, the vanishing of the 
variation of D results in the author's equation (26), and similarly, 
for a = 1, in the author's equation (2c). 

I t is noted, however, tha t any definition of Ty to be acceptable 
must contain the term ?V*.*> which arises from the involvement 
of Jo in the transformation of equation (1) into equation (5), and 

Jo = Jovk,h. (10) 

Any rate so derived may be termed "relative" [2]. Thus Trues
dell's rate is the relative Oldroyd rate, and similar relative rates 
may be established with respect to those of Jaumann and Kotter-
Rivlin. In any event, only relative rates are acceptable, and it 
is on this basis that the author's equation (2d) (and all subsequent 
developments) and the author's equation (22e) are inadmissible. 

In the case of an elastic material we postulate 

JAB = $AB^CD") 

t - dSAB • . — n -a ( U ) 
JAB — - „ (-CD = <^ABCDeCD 

in which the coefficient CABCD must be evaluated for the actual 
strain tCD

a. By virtue of equations (4) and (11) this implies 

T V = C w - d „ 

V = J^F^F^F^FmOC^cn 

in which all terms are again evaluated as functions of the actual 
strain at the instant of buckling. 

For a rubberlike ("soft") material the values of these coef
ficients may lie well below their corresponding values in the un
strained state; it is, in fact, often because of this "softening" that 
bodies made of materials of this type may become unstable even 
if their shape is bulky. Consequently, the error which may be 
introduced by the uncertainty governing the exact constitutive 
behavior of soft materials may well be as great as, or greater 
than, the error introduced by using the wrong rates, as was al
ready pointed out by Pearson [6]; for this case, the paper (and 
this discussion) are therefore of limited practical range of ap
plication. 

Conversely, if the material is hard (such as steel) then pre-
buckling strains, although not necessarily rotations, are generally 
negligible, and there is therefore little uncertainty regarding the 
constitutive relations to be used. On the other hand, structures 
made out of hard materials cannot buckle unless they exhibit 
geometric pathologies in the sense that at least one dimension 
must be much smaller than the remainder. In that case, as 
pointed out by the author, the questions that have been raised 
become again academic from a practical point of view. 

I t seems therefore reasonable to propose that all theories are 
equivalent, and that their value is to be judged exclusively from 
the point of view of convenience of computation. 
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Author's Closure 
The discussion by Dr. Masur is a useful extension of the 

analysis presented. I t shows how the interrelationship of various 
formulations can be established when the stress rate rather than 
the finite strain tensor is adopted as the starting point. The 
results of this analysis are the same, as they have to be. The 
author wishes to react to three of the comments made by the 
discusser. First, the analysis presented in the paper is also 
based on the energy functional equations (4o) and (9), similarly 
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as in the discussion, and not on the equilibrium relations (1). 
Second, rather than saying that the stress rates which are not 
relative are inadmissible, it would be more precise to say that 
they are inconvenient. They can be used correctly (as.has been 
done in Biot's works) if one is aware of the special precautions 
needed in this case, e.g., that the matrix of elastic moduli is 
nonsymmetric when potential energy exists. Finally, the 
author does not share the view that the questions raised are 
mainly academic, as might seem from the uncertainty governing 
the exact stress-strain relations of "soft" materials, mentioned 
by the discusser. Although a direct measurement of the in
cremental elastic moduli may be difficult, these moduli could be 
determined unequivocally, at least in theory, by carrying out 
the exact stress analysis of the test specimen in finite strain. 
Also, the differences between formulations are important not 
only for soft materials but also for continua with very low shear 
modulus, such as some fiberglass composites (see Fig. 2 in the 
paper) or in continua which are used to approximate large 
regular rectangular frameworks without diagonals.4 

The author wishes to thank Dr. Masur for pointing out several 
misprints, which have been corrected in an Erra ta which appeared 
in the March, 1972, issue of the JOURNAL of APPLIED MECHANICS. 

4 Bazant, Z. P., and Christensen, M., "Analogy Between Micropolar 
Continuum and Grid Frameworks Under Initial Stress," Inter
national Journal of Solids and Structures (in press). 

Nonlinear Analysis of Steep, 
Compressible Arches of Any Shape1 

R. SCHMIDT2 and D. A. DaDEPPO.3 The value of Q corresponding 
to the first bifurcation point on the load-deflection plot must be 
considered as the critical value Qcr at which the arch begins to 
deflect sidewards, i.e., buckle by sidesway. For the semicircular 
arch of radius a = L/2, Qcr = 25.6, from the table on page 945, 
so that the critical value of the downward point load at the crown 
of the arch is Pcr = GAEI'/a2 for the large value of the compressi
bility parameter J ' /4Aa 2 = 0.01 defining a very thick arch rib. 
From reference [4] in the paper, P c r = 5.86i?7'/aa for a two-
hinged semicircular arch with inextensible (incompressible) 
centroidal line. This value has been verified by a different com
putational method in [ l ] . 4 

What is noteworthy about these two critical values of the load 
P is the fact that the critical value for the arch with extensible 
centroidal line is larger than the critical value for the more rigid 
arch with inextensible centroidal line. This is contrary to our 
experiences with the theoretical buckling of straight columns, flat 
plates, and circular rings, even though these types of structures 
display the bifurcation type of buckling. Moreover, the ob
served fact that the approximate Ritz method yields higher criti
cal values than the exact ones in the familiar buckling problems 
characterized by bifurcations is commonly explained by point
ing out that the assumed finite set of functions in effect makes 
the (mathematical) model more rigid than the actual structure. 
Apparently the aforementioned explanations based on the de
gree of rigidity may only be correct in the case of structures with 
small nonflexural prebuckling deformations. I t might also be 
that what seems "logical" or reasonable is just familiar. 

1 By J. V. Huddleston, published in the December, 1971, issue of 
the JOURNAL OF APPLIED MECHANICS, Vol. 38, TRANS. ASME, Vol. 
93, Series E, pp. 942-946. 

2 Professor of Engineering Mechanics, Department of Civil Engi
neering, University of Detroit, Detroit, Mich. Mem. ASME. 

3 Professor, Department of Civil Engineering and Engineering 
Mechanics, The University of Arizona, Tucson, Ariz. 

4 Numbers in brackets designate References at end of Discussion. 

The vertical deflection of the crown, corresponding to the first 
bifurcation, is given as A = 0.206L = 0.412a in the table on page 
945 and in Fig. 2(a). In view of the value A = 0.195a in refer
ence [4] of the paper and reference [1] of this discussion, for the 
inextensible centroidal line, the author's value seems too large 
by a factor of two. This is also indicated by the approximate 
results in [2]. However, this error does not seem to invalidate 
all other results; perhaps DELV should simply mean 2A/L in
stead of A/L as stated on page 944. 
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Author's Closure 
The definition for DELV printed on page 944 is the one that 

was used; the value DELV = 0.206 printed on page 945 is the re
sult obtained from the computations, so the question raised of 
whether there is an error must be answered in the negative. I t 
would seem likely, however, that the large compressibility (0.01) 
used in the numerical example could account for the much 
larger crown deflection exhibited by the arch considered than 
by a similar incompressible arch. 

The author is grateful to Professors Schmidt and DaDeppo for 
their comments. 

The Loading-Frequency Relationship in 
Multiple Eigenvalue Proplems 

H. H. E. Leipholz.3 The paper deals with multiple eigenvalue 
problems, a subject of great practical importance. Although 
some predecessors like Papkovich and Collatz, as mentioned in 
the reference list of the paper, and Schaefer4 investigated al
ready certain aspects of multiple eigenvalue problems, only this 
paper tackles the problem consistently and in full generality. 
Compared with Papkovich and Schaefer, the paper goes much 
further taking dynamic systems into account; compared with 
Collatz, this paper formulates and solves the problem in the 
language of engineers, while Collatz remains in the domain of 
mathematical abstraction. 

Hence, the merit of. this excellent paper consists in presenting 
a general solution for multiple eigenvalue problems of dynamic 
systems in the form of loading-frequency relationships which 
enable the engineer to draw a very important conclusion: the 
fundamental characteristic surface in the frequency-load-space 
cannot have convexity toward the fundamental region. 

This theorem can be used for (lower) bound theorems on the 
fundamental characteristic surface, thus giving the engineer a 
very welcome possibility to estimate eigenvalues in a simple way. 

1 This discussion is related to research sponsored by NSF under 
Grant No. GR 368 to the University of Illinois at Chicago Circle. 

2 By K. Huseyin and J. Roorda and published in the December, 
1971, issue of the JOURNAL OP APPLIED MECHANICS, Vol. 38, TRANS. 
ASME, Vol. 93, Series E, pp. 1007-1011. 

3 Professor, Faculty of Engineering, Department of Civil Engi
neering, University of Waterloo, Waterloo, Ontario, Canada. 

4 Schaefer, H., Dissertation, Hanover, 1937. 
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