
DISCUSSION 

for making oversimplified statements on the relationship between 
Rayleigh-Ritz and Galerkin procedures, and finite-element meth
ods: ourselves for implying a complete independence and Mr. 
Smith for indicating, in effect, tha t finite-element methods are 
nothing more than dressed-up Ritz-Galerkin procedures. To be 
sure, the t ruth is somewhere between these two viewpoints. 

I t is interesting to note that Courant (Mr. Smith's reference 
[1]) who in the Appendix to his cited paper was flirting on. the 
edge of finite-element methods solved an example torsion problem 
by a Rayleigh-Ritz and a variational procedure. The following 
paragraph is excerpted from Courant's paper (page 21) wherein 
he discusses a comparison of these methods: 

(a) "These results show in themselves and by comparison 
that the generalized method of triangular nets seems to have 
advantages. I t was applied with similar success to the case of 
a square with four holes, and it is obviously adaptable to any 
type of domain, much more so than the Rayleigh-Ritz procedure 
in which the construction of admissible functions would usually 
offer decisive obstacles." 

The implications of Courant's as well as our own statements 
are that Rayleigh-Ritz procedures apply, as originally conceived, 
to domains in the large. When we apply them as in finite-
element techniques to a generic small piece of a domain and 
subsequently tack all these elements together, this constitutes 
a major departure from the original philosophy of the Ritz 
approach. 

At any rate, Mr. Smith's comments are certainly well taken; 
undoubtedly, the root problem is one of semantics (or anti-
semantics). 

Measurement of Energy Dissipation in a 
Liquid-Filled, Frecessing, Spherical Cavity1 

R. E. KELIY.2 The authors have obtained many interesting 
experimental results for flow regimes for which information was 
previously lacking. Because the general problem is a very im
portant one in several areas of research, as noted by the authors, 
the results will certainly stimulate further investigations, both 
experimental and analytical. 

The use of the rigid interior sphere solution is clearly superior 
to the oscillating surface solution, which fails to model correctly 
either the interior flow or the spiral nature of the wall boundary-
layer solution. However, the author's negative statement at the 
beginning of the section entitled "Comparison With Analytical 
Approximations" should be restricted to the description of the 
turbulent regime. As noted in their introduction, considerable 
analysis of the laminar case has been done (cf. the author's 
references [16, 17]). Such analyses are applicable to the case 
when, for a fixed angle between the spin and precessional axes, the 
ratio of the precessional rate to spin rate is small. The conclu
sion is that the core will rotate as a solid body about the axis of 
precession with an angular velocity, relative to the processing 
frame of reference, equal to the spin rate. For the small values 
of f which appear to be appropriate, this appears to be the result 
obtained by the authors in equation (10). Once this important 
matter is settled, the calculation of energy dissipation can be ob
tained more accurately by use of the cited analyses (the authors' 
references [16, 17]). In other words, the rigid interior solution 
should not be viewed in any sense as being superior to the pub
lished analyses. However, the fact that reasonable agreement is 

1 By J. P. Vanyo and P. W. Likins, published in the September, 
1971, issue of the JOURNAL OF APPLIED MECHANICS, Vol. 38, TBANS. 
ASME, Vol. 93, Series E, pp. 674-682. 

2 Associate Professor, School of Engineering and Applied Science, 
University of California at Los Angeles, Los Angeles, Calif. 

obtained under conditions for which the core is probably turbulent 
is very interesting and indicates that the differential motions 
produced in the interior, reference [17] of the authors' paper, ap
parently break down to give a mean solid body rotation substan
tially the same as predicted by the linear laminar analyses. This 
point should be investigated further by experiment. 

The need to guess the clearance h would not be necessary if a 

boundary-layer analysis were employed. The estimates given by 
equations (12) and (13) are really the same and ai'e based on a 
laminar model. (The numerical factor reflects the fact that the 
boundary-layer exhibits exponential decay.) In order to got 
better agreement at the higher precessional rates, an empirical 
model might be made which reflects the fact that the boundary 
layer becomes thinner as the core turbulence increases, i.e., it 
should have a further dependence on cf> and 6, which measure the 
strength of the turbulence. 

The pronounced asymmetry of the torque results with regard 
to the sign of <j>, the authors' Fig. 3, suggesting a resonant peak, 
is very interesting. However, it should be mentioned that small 
departures from a perfectly spherical shape can lead to such anom
alies, due to the resonant excitation of spheroidal modes. This 
is discussed in greater detail by Greenspan (section 2.13 of [13] of 
the authors' paper). 

Finally, we might hope tha t Professor Busse will someday be 
able to retract his statement that the problem can only be investi
gated experimentally, in view of his recent work concerning 
bounds on the transport of momentum in turbulent shear flows.3 

R. K. WIUIAMSON.4 Energy dissipation phenomenon can have 
profound effects upon the attitude librations of certain classes of 
satellites. I t is widely known that a spinning spacecraft engaged 
in torque-free motion and configured as a prolate body that is 
spinning originally about an axis of minimum moment of inertia, 
will in the presence of energy dissipation exhibit marked changes 
in attitude, and will ultimately reside in a state of pure spin about 
an axis of maximum moment of inertia. Energy dissipation 
effects on the rotor of a specific dual-spin satellite configuration, 
in which the total average mass center transverse inertia of the 
spacecraft with respect to the composite mass center of the space
craft exceeds the rotor spin axis inertia, can have a destabilizing 
effect as well. Unless it is dominated by compensatory sources 
of energy dissipation on the despun portion of the satellite, the 
satellite may exhibit unsatisfactory performance. There is a 
growing need in the area of dual-spin satellite technology in par
ticular, to anticipate the possible sources of energy dissipation, 
and to provide characterizations for them that possess analytical 
tractability and simultaneously possess some degree of precision. 
One of the predominant destabilizing energy dissipation mecha
nisms for the specific class of dual-spin satellites mentioned arises 
due to the presence of fuel which is typically located on the 
spinning portion of the spacecraft. 

The authors have done an admirable job in characterizing the 
energy dissipation in a specific, spherical, precessing, fluid-filled 
cavity for a variety of kiuematical conditions. Some important 
first steps in acquiring an understanding of this complex physical 
system have been taken. The authors, quite fairly, and appro
priately, also recognize that much additional effort remains before 
a truly comprehensive understanding of this specific energy dissi
pation mechanism is achieved. More investigation is required to 
extend the range of kinematic variables to the important areas 
previously unexplored (ip, 0-100 rpm; 8, 0-5 deg); to examine 
functional relationships of energy dissipation upon such parame
ters as cavity radius (R) and kinematic viscosity (v); to further 
develop models that possess both precision and analytical trac
tability; to examine the effects of internal tank baffling, and 

3 Busse, F . H., "Bounds for Turbulent Shear Flow," Journal of 
Fluid Mechanics, Vol. 41, 1970, pp. 219-240. 

4 Member of Technical Staff, The Aerospace Corporation, El Se-
gundo, Calif. 
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imymmetric fluid cavity shapes; and to examine the effects of 
free-fluid surface for partially filled tanks that are not necessarily 

; located along the common bearing axis. 
The discussion that follows will be restricted to two general 

areas. First, extension of the results to the important kinematic 
regimes previously unexplored appears to be a formidable task. 
Hopefully, the authors can overcome the obstacles. Second, it 
appears that there is a need to pay even closer scrutiny to the 
correspondence between experimental measurements and ideal
ized analytical approximations. 

Despite the apparent agreement between the experimental re
sults and the approximate results achieved by making use of a 
rigid interior sphere idealization, some discrepancies can be ob
served. The analytical rigid sphere idealization indicates a 
quadratic dependence of energy dissipation rate upon nutation 
angle, expression (19 ).6 And yet specific point comparisons 
based upon Fig. 11 in the referenced text indicate that experi
mentally, this functional relationship may not be observed in 
practice. To take a specific example, consider the case of a spin 
rate of 300 rpm, a nutation angle of 5 deg, and a precession angular 

ft-lb 
rate of 40 rpm. A measured energy dissipation rate of 0.05 

sec 
was observed. For the case of the identical spin rate but a nuta
tion angle of 10 deg, the measured energy dissipation rate was 
0.16 . If indeed a quadratic relationship existed, one would 

sec 
have expected an energy dissipation rate 4 times higher instead o ' 
a factor 3.3 that was observed in practice. This disparity 
seems to exist, consistently, until spin rates of 500 rpm are 
achieved. 

The functional dependence of energy dissipation rate upon nu
tation angle bears close scrutiny in general. The heuristic energy 
sink criterion serves to illustrate the importance of identifying the 
functional dependence of energy dissipation rate upon nutation 
angle for dual-spin spacecraft. Consider the case of a fluid-filled 
spherical tank located on the rotor of a dual-spin space
craft. Further assume that the vehicle mass center transverse 
inertia exceeds the rotor spin axis inertia, and as a result the ef
fects of energy dissipation would be destabilizing. On the basis 
of the example cited previously, the energy dissipation rate 
exhibits a subquadratic dependence upon nutation angle. If the 
compensatory source of energy dissipation designed to stabilize 
the spacecraft exhibits a quadratic dependence upon nutation 
angle, then on the basis of the heuristic energy sink criterion the 
possibility exists that stable limit cycle behavior might result. 
This phenomenon might possibly result from the fact that the 
parameter associated with energy dissipation on the spinning por
tion (Ts/\s) dominates the parameter associated with energy dis
sipation on the platform (fA/\A) over the region t? equals 0 to 8 
equals 8S. This is illustrated in Fig. 1. While the heuristic 
energy sink criterion serves to illustrate the possibility of stable 
nutation limit cycle behavior, subsequent verification by more 
rigorous analysis is warranted. 

The expression for energy dissipation rate based upon the rigid 
interior sphere idealization exhibits a functional dependence 
upon the square root of the kinematic viscosity, given that the 
parameter f2 <<C 1 (expression (20)). Assuming that the water 
had kinematic viscosity of 1 cs, one would expect that the energy 
dissipation rate for the GE SF 96(20) silicone fluid experiment 
given the same kinematic conditions would be 4.47 times as high. 
Based upon the experimental data in Fig. 11 in the referenced 
text and taking a specific point of \j/ equals 300 rpm, 6 equals 5 deg 
with varying kinematic viscosity, a measured ratio of 2.5 times 
Was observed. 

On the basis of the specific points raised herein, one should use 
the internal rigid sphere idealization advisedly, until a closer 

6 Refers to expression (19) in Vanyo, J. P., and Likins, P. W., 
Measurement of Energy Dissipation in a Liquid-Filled, Precessing, 

Spherical Cavity," JOURNAL OF APPLIED MECHANICS, Vol. 38, 
TBANS. ASME, Vol. 93, Series E, pp. 674-682. 

Dual Spin Energy Sink Criterion 

T^ = Energy dissipation rate associated with platform 

Tg = Energy dissipation rate associated with rotor 
hQ A^ = -r— - id . (Symmetric platform) 
h 

0
 = Angular momentum component along common bearing axis 

tOi = Inertial angular velocity component of body i along 

common bearing axis 

I T - Total mass center t ransverse 

9 Nutation Angle 

Fig. 1 Dual-spin energy sink criterion (hypothetical energy dissipation 
characteristics) 

correspondence between experimental and analytical models can 
be established. 

The task of extending the dynamic range over which the ex
periments were conducted to include small nutation angles and 
low angular rates appears to be a formidable one, even though ex
pected improvements in instrumentation can possibly reduce the 
measurement errors by an order of magnitude. On the basis of 
experimental results to date, and extrapolating advisedly on the 
basis of the rigid internal sphere idealization, one predicts a priori 
tha t with the present apparatus that energy dissipation rates of 

the order of 1 X 1 0 - 4 will be experienced for the case of a 1 
sec 

deg nutation angle and a spin angular rate of 50 rpm, and a 
kinematic viscosity of 1 cs. Considering expected improvements 
in accuracy of an order of magnitude, the predicted one sigma 
standard deviation for energy dissipation rate measurements can 

be reduced to 1 X 1 0 - 3 . The net signal to noise ratio for the 
sec 

new experimental regime is approximately 0.1. At this stage, 
one might rescale the experiment to improve this unfavorable 
ratio. One might seriously consider exploiting the R* dependence 
and increase the sphere radius to achieve a greater energy dissipa
tion rate. In the kinematic regime investigated in the referenced 
paper, a significantly greater S/N ratio was experienced. 

If in practice, the assumptions inherent to small sample sta
tistical theory are realized in practice, then replication of experi
mental results might suffice to allow the experimenters to make 
definitive statements with confidence, despite the afflictions of 
inherently noisy data. A more embracing framework, that of a 
generalized least-squares estimate approach, might be employed 
to advantage as well. Data handling and computational re
quirements increase measurably but this may be the only re
course. Both alternatives are briefly outlined. 

On the basis of small sample statistics, and conditioned on the 
fact that the assumptions of normality, randomness and station-
arity are adhered to in practice (this requires verification), one 
can make a priori estimates of the number of measurements re
quired to determine the true energy dissipation rate to within 
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SMALL SAMPLE STATISTICS 

Determine Population Mean Where 
Population Variance is Not Precisely Known 

I I f I I I I 1 T 

1 

Fig. 2 Small sample statistics 

±h with 1 — a confidence. For normally distributed data 
where the true population variance is not known precisely, the 
probability that the population mean is contained within an in
terval about a sample mean is 

Pr[X— ta/2,n~\ 77= < U < X + ta/2,n-l \Tr) = 1 ~ 

offers the advantage of being comparatively simple to imple
ment, and allows the experimenter to make statements with coii-
fidence in situations where low signal to noise ratios may be ex
perienced. Information that can be of value is discarded in Hi,, 
approach outlined, however. In addition, no framework has be;-n 
developed that provides a rational way to judge definitively tin; 
merits of one model compared to another. 

A more embracing framework has been developed that ram 
possibly be of benefit to the problem at hand. . If one employs :\ 
model of the dynamical behavior and fits experimental dain 
against this model in some manner, then considerable improve
ments in accuracy of estimates might possibly be obtained. .\ 
generalized least-squares estimation approach delineated in a 
Journal of Astronautical Science publication dated March, IOCS, 
by Gura and Henrikson in an article entitled "A Unified Approach 
to Nonlinear Estimation" provides a framework that might :iii 
considered. The approach is not restricted in use by modelinn 
assumptions, and provides a definitive criterion for evaluating 
the efficacy of one model to another. One might also consider i\ 
statistical analysis of the residuals of both observed data and best-
estimates of the data. This will enable the experimenter in 
make further judgments about the accuracy of a given model in 
describing the observed data. The alternative of using estimation 
techniques constitutes a significant increase in complexity from a 
data management and analysis of data point of view, but may 
constitute the only viable alternative for the case of low iS/.V 
ratio. The assumptions inherent to the small sampling statistic 
approach may not be observed in practice, and so one might of 
necessity, employ the generalized least-squares estimation 
approach. 

In conclusion, the efforts of the authors is a laudable one. \Vc 
encourage their continued efforts, and sincerely hope that some 
apparent pitfalls can be overcome. 

where S represents the sample variance, n the number of observa
tions which are selected at random, and ta/2,n — i the t statistic 
evaluated at the a/2 percentage point with n — 1 degrees of free
dom. The number of observations required to obtain a sample 
mean that is within ±ft (prespecified) of the true popula
tion mean with confidence 1 — a is approximated by 

< o / 2 , n - l T 

where <r is an estimate of the true population variance. The 
extent to which the a priori relationship is accurate is dependent 
upon the efficacy of the estimate &, and whether the assumptions 
of normality, stationary, and a truly random sample was obtained. 
The number of measurements required as a function of the ratio of 
h/& and the confidence desired is illustrated in Fig. 2. For the 
case at hand, if the ratio of h/& is 0.1 considering the expected 

. / „ f t - lb \ 
improvements in instrumentation U r^ 1.0 X 10~3 I and 

\ sec / 
the postulated interval, then nearly 680 measurements would be 
required to determine the true population mean within ± 1 X 
1 0 - 4 with 99 percent confidence. Almost 11 measurements 

sec 
would be required for the case of h/& equals one despite the fact 
that an unexpected improvement in the instrumentation by two 
orders of magnitude occurred I & = 1 X 10~4 1. Small 

\ sec / 
sampling statistics can be employed to advantage if all assump
tions are realized in practice. The apparently formidable num
ber of experimental data points required need not serve as a 
serious impediment if data are recorded and a sampling time can 
be selected that is long in comparison to the correlation time of 
observed data (to insure a random sample), and the assumption 
of normality and stationarity can be verified. The approach 

Authors' Closure 
The discussions by Dr. R. E. Kelly and Dr. R. K. Williamson 

are greatly appreciated by the authors. They include sever'1 
suggestions that will be useful in our continuing research. 

A refined experimental setup is presently being calibrated. 
The objective is to measure energy dissipation rates in the transi
tion region between precession rates of 0.1 rpm to 15 rpm, spi:i 
rates of 30-100 rpm, and half-coning angles in the region of I. 
deg. Apparatus is also being constructed to investigate tin' 
effects of internal baffling, dependence of energy dissipation rat',-J 

on tank size and shape, and some limited tests on partially filled 
"off-axis" tanks. 

The clearance h tha t must be estimated in the rigid sphere 
solution is discussed more fully in a more recent paper.6 Thevt-
a restriction is made to the turbulent region and the clearaniv 
h is shown to be related to (and can be computed as) a class'"'-
Ekman boundary layer. 

We agree that the peak in the energy dissipation rates at pre
cession speeds of from 7-15 rpm needs more adequate explana
tion. Nonsphericity of the tank is offered as a possible caut"' 
in the discussion. 

The spherical tank is very precisely machined; the interior 
surface has a diameter of 8.661 ± 0.002 in. (22 cm) and is smooth 
with only extremely small imperfections on the order of 0.00 L " ' 
0.002 in. deep. Also the mating halves fit smoothly on the in
terior with a mismatch not exceeding 0.002 in. The tank is rig1 ' 
enough that deformations due to rotating stresses for the low' 
angular rates would have been negligible. The sphericity i'l 
the tank interior appears to us to be too accurate to account fd' 
the rather strong observed phenomenon as having a nonspherici'L 

6 Vanyo, J. P., and Likins, P. W., "Rigid-Body Approximation* 
to Turbulent Motion in a Liquid-Filled, Processing, Spheric" 
Cavity," JOTJBNAL OP APPLIED MECHANICS, Vol. 39, TBANS. ASMK 
Vol. 94, Series E, pp. 18-24. 
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cause. Planned experiments should aid in helping to resolve 
tliis and other observed phenomena. 

Relative to the rigid sphere solutions in general, they are 
idealized models restricted to turbulent flow in a filled spherical 
cavity. Useful models for real tank configurations will, of course, 
need to make direct use of solutions based on actual fluid models 
including the effects of turbulence. 

Two Edge-Bonded Elastic Wedges of 
Different Materials and Wedge Angles 
Under Surface Tractions1 

A. J. DURELLI2 and V. J. PARKS.2 The author solves an elasticity 
problem in plane strain and in generalized plane stress. If the 
body has a very long dimension in the direction perpendicular to 
the cross section shown in Fig. 1 of the paper, it will presumably 
be in a situation to which the plane-strain solution can be applied. 
However, it is difficult to understand what physical significance 
the generalized plane-stress solution will have. There will be, at 
the common plane, or interface, a mismatch of elastic properties. 
As a censequence of the bond even for very thin bodies, stresses 
are produced not only in the direction perpendicular to the cross 
section as shown in the paper's Fig. 1, but in the plane of this 

1 By D. B. Bogy, published in the June, 1971, issue of the JOUR
NAL OF APPLIED MECHANICS, Vol. 38, TRANS. ASME, Vol. 93, 
Series E, pp. 377-387. 

2 Professors, Mechanics Department, The Catholic University of 
America, Washington, D. C. 

Z. P. BAZANT, " A Correlation Sfudy of Formulations of Incremental 
Deformation and Stability of Continuous Bodies," published in the De
cember, 1971 , issue of the JOURNAL OF APPLIED MECHANICS, pp. 
919 -928 . 

In equation (23) and the first line of column e in Table 1 the 
fraction f- should be changed to 2. 

In the 4th line after equation (28), following the reference 
brackets, the last bracket should be followed by FkiFri = Skr -f-
2e£. 

In the 5th line after equation (22d) following dt, the phrase "if 
coordinates x/ are used,' should be inserted. 

In equation (31) Fpq should be replaced by E£t. 
In the 3rd line of footnote 7, equation (7) should be (13). 
In equation (225), the last minus sign should be changed to a 

plus sign. 

D. H. Y. YEN and C. C. CHOU, "Response of a Plate Supported by a 
Fluid Half Space to a Moving Pressure," published in the December, 1970, 
issue of the JOURNAL OF APPLIED MECHANICS, pp. 1050-1054 . 

Expressions given for the plate deflection wa were in error. 
The correct expressions are as follows: 

In equation (5), the ai in the numerator of the integrand should 
be at — a%w2. 

In equation (8), line 2, the numerator of the first term should be 

cross section as well. The generalized plane-stress solution ob
tained in the paper is therefore only part of the total state of 
stress in the body. I t may not even be the most important. 

This problem has been called "pinching effect" by the discuss
ers in previous papers [1, 2].3 I t can be explained by saying 
that the solution given by the author, to be applicable, would 
require a bond at the interface that restrains motion in the plane 
of the cross section, but does not restrain it in the direction per
pendicular to that plane. I t is difficult to conceive that such a 
bond may exist physically. 

References 
1 Parks, V. J., and Durelli, A. J., "Photoelastic Analysis of 

Plates Subjected to Restrained Shrinkage," JOURNAL OP APPLIED 
MECHANICS, Vol. 32, No. 3, TRANS. ASME, Vol. 87, Series E, Sept. 
1965, pp. 504-510. 

2 Durelli, A. J., and Parks, V. J., "Photoelastic Stress Analysis 
on the Bonded Interface of a Strip With Different End Configura
tions," American Ceramic Society Bulletin, Vol. 46, No. 6, June 1967, 
pp. 582-586. 

Author's Closure 
The generalized plane-stress (i.e., plate extension) solution 

characterizes thickness averages under the assumption that the 
thickness average of rzz is zero. The thickness averages of rzr 

and T,O are zero for a plane problem by symmetry. As in classical 
plate theory the approximation provided by such an average is 
not so good near stress concentrations. The author agrees that 
the results presented in the paper are primarily of interest, with 
regard to application, in studying singular stress concentrations 
under conditions of plane strain or axisymmetry. 

3 Numbers in brackets designate References at end of Discussion. 

1 + (a2/ai)Si2 and the denominator of the second term should be 
a(<T2 + T2)2. 

In equation (10), Bi and Ci should be defined as Bi = (<r2 — 
T2)(o\ - T ) - 2<r2r - (o2/oi)(5, - T)(<T2 + T 2 ) 2 and & = <J\<S2 

- 3r2 + 2i-6\ - (a2/ai)(o-2 + r 2 ) 2 ] . 
In equation (11), line 2, the numerators should be 1 + (02/ai )Si2 

and 1 + (a2/ai)52
2, respectively, and the numerator in line 3 

should be ai + a253
2. 

In equation (13), line 2, the numerator should be 01 + a25i2, 
and the numerators in line 4 should be 1 + (a2/ai)52

2 and 1 + 
(a2/ai)§3

2, respectively. 
In equation (15), line 2, the numerator should be ai + a25i2 

and, in line 3, the denominator should be X4<7(<r2 + T2)2[<72 + 
ffi+r)2]. 

In equation (17) B3 and C3 should be defined as 

B3 = (a2 - T 2 ) ( A + T ) + 2<r2r - (a2/a,)(Si + r)(a2 + r2)* 

and 

C3 = a[a2 - 3T 2 - 2T81 - (a2M)(<r2 + r2)2] 

The graphs for Wo as given in Figs. 2(a-c) were computed using 
the correct expressions and no changes are necessary. 

Also, the h3 appearing on the right-hand side of equation (2) 
should be h2 and the a2 appearing in equation (7) should be de
fined as ai = (U2/v%2)(U2/v22 - l)~K 

E R R A T A 
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