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equation, such as in the case of a shell with one or both edges 
clamped, better results may be obtained by the Cialerkin method 
using a series of functions instead of a single-term function, and 
then the accuracy of the result may always be improved by tak-
ing more terms in the properly chosen series. If the boundary 
conditions in a problem are "natural boundary conditions," the 
normal functions need not even satisfy the boundary conditions 
if the Ritz method is used. Such is the case of cylindrical shells 
with one or both edges free, for the vibration problem of which 
the author has proposed to use normal functions of a beam with 
one or both ends free as normal functions for the shell in the 
longitudinal direction.14 Similar procedure has been successfully 
applied to plate vibration problems by Young.16 

Theoretical Determination of Rigidity 
Properties of Orthogonal ly 

Stiffened Plates1 

HENRI MARCUS.2 The purpose of the very remarkable in-
vestigations presented by the author is to demonstrate that the 
analysis of stress and strain in orthogonally stiffened plates is 
greatly simplified if the actual plate-stiffener combination can be 
replaced by an "equivalent" homogeneous orthotropic plate of 
constant thickness. 

The author does not neglect to point out, that the "term equiva-
lent requires careful definition since the orthotropic plate ob-
vioiisly cannot be equivalent to the stiffened plate in every re-
spect." One of the criteria of equivalency used in his analysis is 
based upon the equality of the strain energy of the two systems. 

Considering the suitability of the proposed concept, one must 
keep in mind that the four rigidity constants, Dx, Du, Dy, Dxy, of 
the homogeneous orthotropic plate have in terms of Timoshenko's 
notations the respective value 
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and that the deflection of this plate is defined by the basic equa-
tion 
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The elastic moduli Ex', Ey, E", G are purely physical con-
stants, depending only upon the nature of the material, whereas 
the rigidity constants Dx, Dy, Dy, Dxv, as determined by the 
author, are dependent not only upon the conventional modulus E 
and the conventional Poisson's coefficient v, but also upon the 
dimensions and spacing of the stiffening ribs and, moreover, upon 
the span and the support conditions of the whole system. 

The application of the principle of equivalent-strain energies 
leads to a correlation between these numerous factors and the 
rigidity constants D„ Dy, Dy, Dxy. The equations expressing 
these correlations are indeed extremely complex in all cases when 

the spacing of the stiffening ribs is not very small as compared 
with the spans a and b. 

On the contrary, the correlation becomes very simple if the 
spans are much larger than the spacing of the ribs. In such a 
case the same correlation has been advanced by other authors 
who treated the stiffened plate as a wide beam, without any ref-
erence to the equivalency of strain energies. In fact, the equa-
tions used by the author for a comparison of the theoretical with 
the experimental values are those so-called asymptotic relations, 
which are not. dependent upon the size of the slab and upon the 
boundary conditions. 

Although the difference between the two sets of values does not 
appear significant, the justification for substituting an orthotropic 
plate of constant thickness to a rib-stiffened plate would be more 
convincing if the tests would have shown that the slab and the 
ribs are subjected to strains approximately equal to those derived 
from the analysis of the equivalent orthotropic plate. 

It may be noted that the stiffeners have, in the experiments, a 
spacing of 3/< in., while the specimens have a width varying be-
tween 6 and 12 in. The ratio being very small, one might wonder 
whether it would be correct to assume that the concept of the 
equivalent orthotropic plate will give sufficiently reliable results 
also for relatively greater spacings of the ribs. 

The writer would hestitate to apply in such a case a theory, 
which presupposes an orthotropic material with different moduli 
Ex', Ey', E", to a structure which is in reality composed of plates 
and beams of the same isotropic material. He would prefer to 
treat the problem more realistically as a problem of the coaction 
of plates and ribs, according to the classic methods of the theory 
of isotropic elasticity. 

The writer wishes to commend the author for his, in many re-
spects, excellent work. A further development of the experi-
mental investigations covering a wide range of spacing ratios and 
giving more information on the effect of support conditions on 
both deflections and stresses is highly desirable and would en-
hance the merits of the whole research. 

II. A. SCHADE.3 This paper represents an interesting and im-
portant extension of previous studies concerning the use of 
orthotropic-plate theory in describing the behavior of orthogon-
ally stiffened steel plates. The author takes into account the 
transverse and torsional stiffness of the stiffeners, which usually 
have been neglected in the simpler theories. 

It seems apparent that, the maximum uncertainty among the 
stiffness constants is in the value of Dx,r The order of magnitude 
of the differences among the three values (two calculated, one 
experimental) for each plate shown in Table 1 of the paper is 
small. The effect reveals itself when the usual torsion coefficient 
ij is used, where 

>/ = A + 2 Dx y 

VT^F, 

14 "Flexural Vibration of Cylindrical Shells With Free and Clamped 
Edges by the Ritz Method," a research proposal, by Yi-Yuan Yu, 
Syracuse University Research Institute, Syracuse, N. Y., 1955. 

15 "Vibration of Rectangular Plates by the Ritz Method," by Dana 
Young, J O U R N A L OF A P P L I E D M E C H A N I C S , Trans. A S M E , vol. 7 2 , 
1950, pp. 448-453. 

1 By N. J. Huffington, Jr., published in the March, 1956, issue of 
the J O U R N A L OF A P P L I E D M E C H A N I C S , Trans. ASME, vol. 7 8 , pp. 
15-20. 

' Code 6205, Mechanics Division, Naval Research Laboratory, 
Washington, D. C. 

The values of rj are 0.85, 0.89 and 0.84 for the first plate, and the 
effect of these differences in ij upon strains and deflections would 
be considerably less than the proportionate differences them-
selves. For the second plate the values of r) are 0.SS, 0.95, and 
1.095, respectively. The last, value is interesting, in view of the 
fact that the value of )j for the isotropic unstiffened plate is unity, 
and this is usually regarded as the upper bound for ii in the simpler 
theories. 

At anj' rate, as the author points out, this is primarily a plate 
theory, and is not applicable when beam action is predominant. 
Within this limitation it would be expected that r] would never 

3 Professor of Naval Architecture, University of California 
Berkeley, Calif. Mem. ASME. 
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depart far from unity. When this is so, as an approximation 
suitable for man}' design purposes it ean be assumed equal to 
unity and solutions derived directly from isotropic-plate theory 
by making a transformation of space co-ordinates based on 
evaluation of Dx and Dy alone. 

C. B. SMITH.4 It is well known that the rigidity properties of a 
rectangular plate can be considerably increased by attaching 
stiffeners to the plate perpendicular to an edge. T o discuss 
theoretically the bending and buckling of such a plate is quite 
difficult in most cases. In the paper the author shows how to de-
termine the rigidity constants for certain types of stiffened plates 
by replacing the platc-stiffener combination by an "equivalent" 
homogeneous orthotropic plate of constant thickness. This 
idea is not new. However, the author's use of this idea together 
with energy criterion to determine all of the rigidity constants 
except one, is novel and leads to good results. 

It is interesting to note that the ratio a/s (the ratio of the width 
of the plate parallel to the stiffeners to the width of the space 
between adjacent stiffeners) plays an important role in the 
analysis. If this ratio is large the formulas developed for the 
various rigidity constants to be associated with the stiffened 
plate reduce to simple ones. Also, as the author points out, it is 
necessary that this ratio be fairly large in order to permit the use 
of an "equivalent" orthotropic plate. It seems highly probable 
then that unless this ratio is large enough to allow the use of the 
reduced formulas the orthotropic-plate theory will not apply. 
Hence it appears that the problem involving the bending and 
buckling of a stiffened plate where the ratio a/s is small (a plate 
with say two or three stiffeners) is one that needs more discus-
sion. Especially is this true when the stiffeners have large cross-
sectional dimensions, as in the case of plywood plates and solid-
wood stiffeners. 

A U T H O R ' S C L O S U R E 

The author is deeply indebted to the discussers for their stimu-
lating and thoughtful remarks. 

The treatment of a stiffened plate as a problem of coaction 
of plates and ribs, as preferred by Dr. Marcus, becomes exceed-
ingly complex as the number of stiffeners becomes large. By 
contrast, this is just the case when orthotropic-plate theory can 
be expected to give the best results. 

Timoshenko's elastic moduli ExEv', E", G are purely physical 
constants in the case of a constant-thickness orthotropic plate 
but their effective values for a stiffened plate also would depend 
on the geometry of a repeating cross section. The constants D„ 
D„, Dxy, Di have the advantage that deflections and strains may 
be determined without consideration of effective thickness of the 
equivalent orthotropic plate. The treatment of the stiffened 
plate as a wide beam, which Dr. Marcus correctly attributes to 
other authors, leads more directly to the author's asymptotic 
value for Dxl but provides 110 information regarding the other 
three orthotropic constants. 

The author does not believe that any difficulty will arise with 
larger stiffener spacings, provided that there is a sufficient number 
of stiffeners to satisfy the approximate homogeneity condition 
and that the deflection limitations of classical thin-plate theory 
are observed. Experimental data on bending strains were not 
available at the time of submission of this paper but have been 
reported subsequently.6 Good agreement with theory was 
found for the longitudinal bending strains. The transverse bend-

' University of Florida. Gainesville, Fla. 
5 "A Study of Orthogonally Stiffened Plates," by W. H. Hopp-

mann, 2nd, N. J. Huffington, Jr., and L. S. Magness, published in 
this issue, pp. 343-350. 

ing strains in the plate between stiffeners evidence departures 
from orthotropic-plate theory which the author hopes to discuss 
in a future paper. 

With respect to Dr. Schade's comments, it appears to the au-
thor that there is actually greater uncertainty as to the correct 
value of the constant Di which is a measure of the Poisson cross-
contraction effect. However, both Di and Dxy influence the value 
of the torsion coefficient i). There are two possible explanations 
for the value of rj greater than unity. First, this value results 
from use of experimentally determined values of the rigidity con-
stants, one of which, Di, is potentially much less accurate than 
the others, since it is based 011 the difference of approximately 
equal quantities. Second, the stability condition which re-
quires that v = VJ be the upper bound for Poisson's ratio of an 
isotropic material yields the following relation when applied to 
an orthotropic material 

(1 ~ vzy — vxx)EvE, + (1 — vyx — vy,)ExE, 
+ (1 — v,x — v,y)ExEy = 0 

This expression involves six independent constants, only three of 
which occur in the classical thin-plate problem. While this rela-
tion alone does not set the upper bound of the Poisson's ratios of 
an orthotropic material, it does indicate the possibility that cer-
tain of the Poisson's ratios may exceed 0.5 and result in a value of 
ri> 1. 

Since the purpose of this investigation was to devise methods 
for determining the effective orthotropic constants as accu-
rately as possible, all assumptions which would have reduced the 
number of independent orthotropic constants were avoided. The 
author agrees that in certain design applications the rigidity 
constants may have values such that the transformation men-
tioned by Dr. Schade would be useful. However, the author 
does not believe that boundary-value problems of orthotropic-
plate theory are sufficiently more difficult than the corresponding 
ones of isotropic-plate theory to justify any serious approxi-
mations in this connection. 

The author agrees with Dr. Smith that orthotropic-plate 
theory may not apply to stiffened plates if the a/s ratio (ratio of 
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plate span in the direction of the stiffeners to the stiffener spac-
ing) is too small to permit use of the reduced formulas, since in 
this event the rigidity properties are dependent on the boundary 
dimensions. However, as may be seen in Fig. 1 of this closure, 
the range of applicability of the reduced formulas is principally 
governed b y the degree of precision required. In this figure the 
variation of Dx/D is plotted against the ratio a/s using values 
computed from Equation [8] of the paper and compared with the 
asymptotic value obtained using Equation [10], These results 
apply onfy to a plate-stiffener combination having the repeating 
cross section shown in the figure which is composed of isotropic 
materials for which Poisson's ratio v = 0.3. 

Although the theory ideally requires that the number of stiffen-
ers be large, it is believed that the number may become quite 
small before the validity of the theory is impaired seriously. 
The actual minimum number of stiffeners, as well as other re-
strictions on this analytical procedure, can be determined only 
in the laboratory. Consequently, it is hoped that support can 
be obtained for a systematic experimental investigation of the 
range of applicability and the limitations of orthotropic-plate 
theory in the analysis of stiffened plates. 

Analysis of Short Thin Axisym-
metrical Shells Under Axisymmetri-

cal Edge Loading1 

G. D. GALLETLY.2 The authors are to be congratulated on 
extending Geckeler's method to axisj-mmetrical shells. Their 
method should be of interest to designers of pressure vessels. 

In Section 5 of their paper the authors give limitations on the 
latitude angle <p, but do not explain how they arrived at these 
limits. Presumablj ' the}' made some numerical comparisons 
with more accurate theories. The writer feels it would be help-
ful if the authors would give more detail as to how they arrived 
at these limits, with which theories they compared their ap-
proximate method, what criterion of accuracy they were using, 
how many cases the}' investigated, and so on. 

A U T H O R S ' C L O S U R E 

The authors thank Dr. Galletly for his generous comments. 
They believe, though, that the merit of the paper is due mainly 
to its consolidating existing methods and ideas into a convenient 
technique, rather than to its novelty. (There is really little in the 
paper that is truly new.) 

The approximations involved in arriving at Equation [6a] of 
the text are 

Me cos <p/rQ ^ 0, u cot <p/w ̂  0, vNJNe ^ 0 . . [ A l ] 

where u is the meridional displacement. The first approxima-
tion is made in the moment-equilibrium relation, the other two 
in the stress-strain relation. The last expression may be shown, 
for conical shells, to be equivalent to 

vl/V2\s ^ 0 [A2] 

where s represents meridional distance from the apex, X the 
meridional distance of the smaller end (of the truncated conical 
shell) from the apex. The approximation involved in Relations 
[9 ] of the text requires the further assumption3 that 

1 By G. Horvay, C. E. Linkous, and J. S. Born, published in the 
M a r c h , 1 9 5 6 , i s s u e o f t h e J O U R N A L OF A P P L I E D M E C H A N I C S , T r a n s . 
A S M E , v o l . 7 8 , p p . 6 S - 7 2 . 

2 Shell Development Company, Emeryville, Calif. Assoc. Mem. 
ASME. 

3 See reference (8) of the Bibliography of the paper, p. 105. 
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y/12(1 — v--) \/s tan <p/h > 3 [A3] 

This is insured by 

X > 2.5I [A4a] 

for the truncated cone (I refers to the smaller end), and by 

X > 4/ [A46] 

for the untruncated cone (X and I now refer to the wide end). 
The foregoing restrictions appear to be quite drastic, but it also 

appears from Hetenyi 's example4 and Galletly's5 that some of the 
errors are self-canceling and that the formulas may be used 
safely, down to <p = 45-deg inclination. 

Another question concerns the distance c from the meridional 
center of the virtual center of a short, cylindrical shell, with 
linearly varying wall thickness. Letting 

V = h/ho = 1 + ax/L [A5] 

represent the wall-thickness variation, one obtains, by steps 
analogous to the case of radius variation (Equations [17], [18], 
[19] of the paper) that 

c = —ceL/4 [A6] 

When there is simultaneous increase of wall thickness and of 
radius with x, then the two effects—presumed to be small—may 
be superposed, and one obtains 

c/L = —a/4 — L cos cp/4rm [A7] 

Bending Creep and Its Application 
to Beam Columns1 

YOH-HAN PAO.2 The authors are to be commended on the re-
freshingly simple and interesting manner in which they have pre-
sented the method of solution of the analytical problem. The ex-
perimental method of determining the creep deflection at the free 
end of the beam-columns b y means of an electric-indicator circuit 
is clever and seems to be free of the faults associated with many 
of the earlier experimental techniques reported in the literature. 
The authors are, of course, also to be congratulated on the agree-
ment between theoretical results and experimental data, at least 
for three of the four cases reported. 

The writer was also interested in the fact that the values of the 
stress indexes a and n are 1.47 and 1.82, respectively, for the mag-
nesium alloy FS1-F investigated. The j ' are sufficiently far f rom 
unity so that the theor}' of viscoelasticit}' could not be used for 
this problem. In terms of viscoelasticity, Expression [5] of the 
paper describes a material with three retardation times, the values 
being zero, >/2> and infinite. Further refinement in the direction 
of considering additional relaxation times was apparently sacri-
ficed in order to take care of the nonlinearity in stress. 

A U T H O R S ' C L O S U R E 

The authors wish to thank the discusser for his comments and 
encouragement. 

4 "Theory of Plates and Shells," by S. Timoshenko, McGraw-Hill 
Book Company, Inc., New York, N. Y „ 1940, p. 359. 

6 "Influence Coefficients for Hemispherical Shells With Small Open-
i n g s a t t h e V e r t e x , " b y G . D . G a l l e t l y , J O U R N A L OF A P P L I E D M E -
CHANICS, T r a n s . A S M E , v o l . 7 7 , 1 9 5 5 , p p . 2 0 - 2 4 . 

1 By L. W. Hu and N. H. Triner, published in the March, 1956, issue 
o f t h e J O U R N A L OF A P P L I E D M E C H A N I C S , T r a n s . A S M E , v o l . 7 8 , p p . 
35-42. 

2 Polychemicals Department, Research Division, E. I. du Pont de 
Nemours and Company, Wilmington, Del. 
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